Abstract. We study the geometry of the moduli stack of vector bundles of fixed rank and degree over an algebraic curve by introducing a filtration made of open substacks build from (k, l)-stable vector bundles. The concept of (k, l)-stability was introduced by Narasimhan and Ramanan to study the geometry of the coarse moduli space of stable bundles. We will exhibit the stacky picture and analyse the geometric and cohomological properties of the moduli stacks of (k, l)-stable vector bundles. For particular pairs (k, l) of integers we also show that these moduli stacks admit coarse moduli spaces and we discuss their interplay.
Introduction
Let X be a geometrically irreducible smooth projective algebraic curve of genus g ≥ 2 over either the field C of complex numbers or the algebraic closure F q of the field F q with q = p s elements for a prime p. Using Geometric Invariant theory, Mumford [Mu] constructed a coarse moduli space M s X (n, d) for the moduli problem of stable vector bundles of rank n and degree d over X and showed that this moduli space is in fact a non-singular quasi-projective scheme of dimension n 2 (g − 1) + 1. If in addition the rank n and the degree d are actually coprime, this moduli space is in fact a projective scheme and a fine moduli space. More generally, considering the notion of S-equivalence classes of vector bundles, Seshadri [Se2] constructed a coarse moduli space M ss X (n, d) for semistable vector bundles of rank n and degree d, which gives a natural compactification of the moduli space M s X (n, d) of stable bundles over X.
Later, Narasimhan and Ramanan [NR1, NR2] introduced a more general concept of (k, l)-stability for vector bundles over an algebraic curve X defined for any pair (k, l) of integers, which refines the classical notion of stability. A vector bundle E is hereby (k, l)-stable if for any proper subbundle F of E we have for the generalised slopes µ k (F ) < µ k−l (E), where for a given pair (k, l) the generalised slope is defined as µ k−l (E) = (deg(E) + k − l)/rk(E). Narasimhan and Ramanan [NR2] derived conditions for some special values of integers k and l for which (k, l)-stable bundles over X exist and proved some fundamental properties of (k, l)-stability, among them openness. In particular, they used (k, l)-stability for the special pairs (0, 1), (1, 0) and (1, 1) to define an open set inside the moduli space M s X (n, L) of stable bundles over X with fixed determinant L that allows for the construction of a Hecke correspondence and an associated space of Hecke cycles inside a certain Hilbert scheme associated to M s X (n, L), which under certain conditions gives a non-singular model for M s X (n, L). This Hecke correspondence has also been used 2000 Mathematics Subject Classification. Primary 14H60, 14D23, secondary 14D20. Key words and phrases. algebraic stacks, moduli of vector bundles, (k, l)-stability.
recently in many other ways to study the geometry of the moduli space M s X (n, d) of stable bundles over X (see [BM, Ho] ).
In this article we embark to study the general moduli problem for (k, l)-stable vector bundles of rank n and degree d over an algebraic curve X for any pair (k, l) of integers. In the first section we will derive some general theorems (Theorem 1.8 and Proposition 1.9) establishing conditions for the existence of (k, l)-stable vector bundles over X for general pairs (k, l) of integers and hereby extending the particular existence results of Narasimhan and Ramanan in [NR2] . In section two we address the general moduli problem for (k, l)-stable vector bundles and analyse under which conditions with respect to the choice of integers k, l, n, d the associated moduli functor is representable or corepresentable. It turns out that if the pair (k, l) of integers meets the conditions that 0 ≤ k(n − 1) + l < (n − 1)(g − 1) and 0 ≤ k + l(n − 1) < (n − 1)(g − 1) then the coarse moduli space M k,l X (n, d) for (k, l)-stable vector bundles over X exists as an open subscheme of the moduli space M s X (n, d) of stable vector bundles. The third section exhibits a general discussion of the set of isomorphism classes of (k, l)-stable vector bundles over X for any pair (k, l) of integers, where among other things filtrations between the different sets of isomorphism classes are derived and how they relate to the coarse moduli spaces constructed before. This allows for further characterisations of (k, l)-stable vector bundles. In the fourth section we introduce the moduli stack Bun k,l X (n, d) of (k, l)-stable vector bundles of rank n and degree d over the algebraic curve X for any pair (k, l) of integers and study its basic geometric properties. It turns out that it is an Artin stack, which is locally of finite type and has an open embedding in the moduli stack Bun X (n, d) of all vector bundles of rank n and degree d over X (Theorem 4.1). We also establish particular filtrations of the moduli stack Bun X (n, d) by means of open substacks of (k, l)-stable bundles:
In section five we then carefully analyse the relations between the moduli stacks and the coarse moduli spaces of (k, l)-stable vector bundles with respect to the conditions under which these coarse moduli spaces do exist. Finally, in the last section we derive some cohomological properties of the moduli stacks Bun X (n, d) and in particular discuss the rank 2 case. We end by discussing a general Hecke correspondence involving the moduli stacks Bun X (n, d) by using appropriate Grassmannian bundles of the universal bundles over the moduli stacks involved. In this way we extend the approach of Narasimhan and Ramanan in [NR2] to the general case.
Notation and conventions. All schemes will be considered over the base Spec(F), where F is either the field C of complex numbers or the algebraic closure F = F q of the finite field F q of characteristic p with q = p s elements for a prime number p. The category of schemes Sch/Spec(F) over Spec(F) will be endowed with theétale topology whenever we need to emphasise a site.
1. Vector bundles over algebraic curves, Segre invariants and (k, l)-stability.
Let X be an irreducible smooth projective algebraic curve of genus g ≥ 2 over Spec(F), where F is either the field of complex numbers C or the algebraic closure F = F q of the field F q . Narasimhan and Ramanan in [NR2] introduced the notion of (k, l)-stability and (k, l)-semistability for vector bundles over X and showed that (k, l)-stability is an open property for vector bundles over X (see [NR2, Proposition 5.3] ). Following Narasimhan and Ramanan we define (see [NR2, Definition 5 .1]): Definition 1.1. Let (k, l) be a pair of integers and E a vector bundle over X. We define the generalised slope as the rational number
and say that the vector bundle E over X is (k, l)-stable (resp.(k, l)-semistable) if for any subbundle F of E, we have
Criteria for the existence of (k, l)-stable vector bundles for the pairs (0, 1), (1, 0) and (1, 1) were given by Narasimhan and Ramanan in [NR2, Proposition 5.4] . In Theorem 1.8 below, we will extend this result for any pair (k, l) of integers.
Obviously, (0, 0)-stability (resp.(0, 0)-semistability) just gives the classical notion of stability (resp. semistability) for vector bundles over algebraic curves. It is also an easy consequence from the definition, that if E is a (k, l)-stable vector bundle and L a line bundle, then E ⊗ L is (k, l)-stable and the dual vector bundle E * is (l, k)-stable. A vector bundle of degree 0 is stable if and only if it is (0, 1)-stable and a vector bundle of degree 1 is stable if and only if it is (0, 1)-semistable (see [NR2, Remark 5.2] .
We also have the following fundamental properties for (k, l)-stability of vector bundles: Proposition 1.2 (Narasimhan-Ramanan). Let (k, l) be a pair of integers. Then we have the following:
(
Given an exact sequence of locally free sheaves
Proof. The first property (1) is basically [NR2, Proposition 5.3] . Property (2) is a direct consequence of the definition. Finally, the last property (3) is a consequence of [NR2, Lemma 5.5 ] and the argument goes as follows: Let F be a proper subbundle of E ′ andF the saturation of F in E. ThenF is a proper subbundle of E and therefore
. This is our assertion. Now we will recollect some general properties of Segre invariants (see [LN, L, BL, RT] ), which we will need to use later. Definition 1.3. Let E be vector bundle over X of rank n and degree d. Let m ∈ Z such that 1 ≤ m ≤ n − 1. The m-Segre invariant for E, is denoted by s m (E) and defined as the integer s m (E) = md − n · deg(F ) max , where F max ⊂ E is a proper subbundle of rank m and maximal degree.
Hirschowitz proved in [Hi] the following fundamental inequality
Specifically, he proved that there is a unique integer δ m with 0 ≤ δ m ≤ n − 1 and m(n − m)(g − 1) + δ m ≡ md mod n, such that
) be the set of all stable vector bundles of rank n and degree d over X. Furthermore, the set of all stable vector bundles of rank n and degree d with m-Segre invariant equal to s will be denoted by M
(see [RT, BL] 
Remark 1.5. Suppose that E is a stable vector bundle of rank n and degree d. Also suppose that E is not (k, l)-stable. Then there exists a proper subbundle
Now, applying [NR1, Proposition 2.6] to F and (m, δ) we get a family F of vector bundles on X of rank m and degree δ parametrised by a scheme R with the following properties:
(1) R is irreducible, (2) the family F contains F and all stable vector bundles of rank m and degree δ on X. Furthermore, let G be the family of vector bundles on X of rank n − m and degree d − δ parameterised by a scheme S obtained by applying [NR1, Proposition 2.6 ] to E/F and (n − m, d − δ).
Note that H is non-empty, because Hom(E/F, E) = 0. Indeed, if such an homomorphism f ∈ Hom(E/F, F ) would exist, it would give, by composition a non-zero homomorphism E ։ E/F → F ֒→ E , which is not an isomorphism. But this is impossible, since E is stable.
We set P := P(R 1 pR×S (X × R × S, Hom(p * 13 G, p * 12 F )))| H and let π : P → H be the projection. Then by [NR1] (see also [Ra, Lemma 2 .4]) we have the exact sequence 0 → π * p on X × P , where E is a family of vector bundles parameterised by P and τ P the tautological hyperplane bundle. Now let P st be the open subscheme given by the stability condition, i.e., q ∈ P st if and only if E| X×{q} is stable. Moreover, P st is non-empty since we have the extension (1.4) in Remark 1.5 defining a point on P st . Therefore, we obtain a map θ E : 
Proof. Because there are no non-zero homomorphisms between two stable bundles if the first bundle has higher slope than the second it follows that H ′ ⊂ H. Therefore, we can restrict the projective bundle P st on H to H ′ . Furthermore, H ′ is nonempty by construction of R and S. In addition, as H ′ is non-empty and S, R are irreducible, H ′ is also irreducible and dense in R × S. Therefore, P st | H ′ is dense in P st and the Corollary follows (see also [NR1, Proposition 6.7] ).
Remark 1.7. Note that if E is a stable vector bundles of rk(E) = n and deg(E) = d and if we suppose that F is a subbundle of E of rk(F ) = m and deg(F ) = δ, then Corollary 1.6 implies that the exact sequence
determines a point q ∈ θ E (P st ) and such a point is in the closure θ E (P st | H ′ ).
The following theorem gives conditions on the general existence of (k, l)-stable vector bundles and under which conditions (k, l)-stability implies stability (see also [BM] ). Theorem 1.8. Let X be a non-singular projective curve of genus g ≥ 2 and let k, l, n be integers. Then:
then there do not exist (k, l)-stable vector bundles of rank n and degree d over X.
Proof.
(1) Assuming the inequalities for k and l, we will prove that there exist stable vector bundles that are (k, l)-stable. Let E be a stable vector bundle of rank n and degree d, which is not (k, l)-stable. Thus, by Remark 1.5 there exists a proper subbundle F ⊂ E of rank m and degree δ, such that
Considering the extension 0 → F → E → E/F → 0, we can assume by Corollary 1.6 that F and E/F are stable (see also [NR1, Proposition 2.6 ] and [NR2, Proposition
, it follows that the number of such extensions is bounded by m
We will show now that this number is actually less than n 2 (g − 1) + 1. First, by (1.5) and (1.6) we have that k(n − m) + ml < m(n − m)(g − 1) and by (1.
, the dimension of the locus of stable vector bundles satisfying (1.9) is less than dim M s X (n, d). Allowing m to vary with values 1 ≤ m ≤ n − 1, we conclude that the dimension of the locus of non-(k, l)-stable vector bundles is also
(2) Assuming that a pair of integers (k 0 , l 0 ) satisfies condition (1.7), we will prove that there is no vector bundle which is (k 0 , l 0 )-stable. Let E be a vector bundle of rank n and degree d and let L 0 ⊂ E be a line subbundle of maximal degree. By (1.2) and (1.7) we obtain that
, and therefore E is a non-(k 0 , l 0 )-stable vector bundle. Now suppose that the pair of integers (k 0 , l 0 ) satisfies condition (1.8), then we consider a subbundle F ⊂ E of rank n − 1 and maximal degree and the rest of the proof goes just as before.
Finally, we give a necessary and sufficient general condition for the existence of (k, l)-stable vector bundles over an algebraic curve X. Proposition 1.9. Let X be a non-singular projective curve of genus g ≥ 2, n be a positive integer and (k, l) be any pair of integers. Then there exist (k, l)-stable vector bundles of rank n and degree d if and only if the pair (k, l) satisfies the inequality
for all integers m with 1 ≤ m ≤ n − 1.
Proof.
Suppose that E is a (k, l)-stable vector bundle of rank n and degree d. Combining (1.1) and (1.3), we obtain that
for all m and this implies (1.10). Conversely, let the pair (k, l) satisfy the inequality (1.10), for all m with 1 ≤ m ≤ n − 1. Then by (1.3) the general vector bundle E has an m-Segre invariant given by s m (E) = m(n − m)(g − 1) + δ m for all m (see [Hi] ). It follows therefore that E is (k, l)-stable by using (1.10) and (1.1). This completes the proof.
Let X be a non-singular projective curve of genus g ≥ 2, n be a positive integer and (k, l) be any pair of integers. Furthermore, let
Under these conditions, if E is (k, l)-stable, then the left parts 0 ≤ k(n − 1) + l and 0 ≤ k + l(n − 1) of the above inequalities imply that E is in fact stable.
Hence there always exist (k, l)-stable vector bundles over X, which are also stable. Thus, if the pair of integers (k, l) satisfies the above inequalities, then (k, l)-
) of stable vector bundles over X as (k, l)-stability is an open property. The codimension of this locus can be determined as follows.
.
) be a vector bundle such that there exists a subbundle F ⊂ E of rank m and degree δ which satisfies µ k−l (E) ≤ µ k (F ). We have, as in the proof of Theorem 1.8, that the dimension of such stable vector bundles is (n 2 −nm+m 2 )(g−1)+1+dm−nδ. Moreover, this number is bounded above by (
Considering m as a parameter variable, we can see that the maximum of (nm − m 2 )(g − 1) − (n − m)k + ml is obtained whenever
This gives the desired conclusion.
2. Moduli spaces of (k, l)-stable vector bundles over an algebraic curve
In this section we will study the moduli problem and the associated moduli functor for (k, l)-stable vector bundles over an algebraic curve. Though this moduli problem is similar to the moduli problem of stable vector bundles we get a refinement and filtration as we can vary the pair (k, l) of integers.
First, we will need to introduce the notion of families of (k, l)-stable vector bundles over an algebraic curve and an adequate equivalence relation among them.
Definition 2.1. Let X be a smooth projective algebraic curve and let T be a scheme over Spec(F). A family of (k, l)-stable vector bundles of rank n and degree d over X parametrised by T is a vector bundle E over X × T such that for each point t of T , the restriction E t is a (k, l)-stable vector bundle of rank n and degree d over X.
We define an equivalence relation for families of (k, l)-stable vector bundle over X as follows: Two families E and E ′ of (k, l)-stable vector bundles parametrised by the scheme T are equivalent, denoted by E ∼ E ′ , if there exists a line bundle over
Observe that, when (k, l) = (0, 0) this is precisely the equivalence relation normally considered for stable vector bundles over algebraic curves.
Let us now consider the moduli functor for (k, l)-stable vector bundles over X
op → Sets, which associates to any scheme T the set M k,l X (n, d)(T ) of equivalence classes of families of (k, l)-stable vector bundles and to any morphism of schemes f :
We will study the representability and corepresentability of the moduli functor functor M k,l X (n, d), or in other words the existence of a fine or coarse moduli space for (k, l)-stable vector bundles over X. This will depend on the rank n and degree d as in the case of stable vector bundles, but in addition also on the paricular pair (k, l) of integers. We have to consider two general cases. In the first case we will assume that the pair (k, l) of integers satisfies the inequalities (1.11) and (1.12). In the second case we consider a more general situation, namely when for the pair (k, l) of integers we have that k(n − 1) + l < 0 or k + l(n − 1) < 0.
In the first case, the representability or corepresentability of the moduli functor is basically a consequence of the representability or corepresentability of the moduli functor for stable vector bundles over the algebraic curve X. For this, remember that the moduli functor for stable vector bundles over X
is representable if and only if n and d are coprime (see [Ra] , [MFK] 
In contrast, considering now the second case, where for the pair (k, l) of integers we have k(n − 1) + l < 0 or k + l(n − 1) < 0, then there exist semistable vector bundles which are (k, l)-stable. Moreover, if k and l happen to be negative enough, then there are in fact unstable vector bundles which are (k, l)-stable. This follows because for any vector bundle E the slopes of its subbundles are always bounded above [S, Lemma 2] . Let us give two concrete examples to illustrate this.
Example 2.2. Let E be an unstable vector bundle over X of rank rk(E) = 2 and
Example 2.3. Consider an unstable vector bundle E over X of rank rk(E) = 3. Let F ⊂ E be a subbundle of rank rk(F ) = 2 and maximal degree and let L ⊂ E be a line subbundle of maximal degree. Suppose that the pair (k, l) satisfies 2 deg(E) − 3 deg(F ) > k + 2l and deg(E) + 3 deg(L) > 2k + l. Then E is an unstable and (k, l)-stable vector bundle.
These last two examples can be extended to any rank, because if E is a vector bundle of rank n then if k and l are negative enough, there exist unstable vector bundles of rank n and degree d, which are (k, l)-stable. For this just take an unstable vector bundle E of rank rk(E) = n, a line subbundle L ⊂ E and a subbundle F ⊂ E of rank rk(F ) = n − 1 with (n − 1) deg(E) − n deg(F ) > k + (n − 1)l and deg(E) + n deg(L) > (n − 1)k + l. Therefore it follows that there are unstable vector bundles of rank n and degree d over an algebraic curve X, which are (k, l)-stable as soon as the integers k and l are negative enough.
Moreover, if k(n − 1) + l < 0 or k + l(n − 1) < 0 and the integers n and d are not coprime, then the functor M k,l X (n, d) is not corepresentable. The reason for this is that under these conditions there do exist semistable vector bundle of rank n and degree d which are also (k, l)-stable. Proof. Suppose that the pair of integers (k, l) is such that k(n − 1) + l < 0. Let E be a strictly semistable and indecomposable vector bundle. Furthermore, assume E is such that the Jordan-Hölder filtration of E is 0 ⊂ L ⊂ E. Then the associated graded
Moreover, we can construct a family E → X × A 1 such that E| X×{0} = L ⊕ F and E| X×{t} = E with t = 0 (see [Se, Lemma 16] ). This gives rise to a jump phenomenon and determines the non-corepresentability of the moduli functor. In the case that k + l(n − 1) < 0, consider a strictly semistable and indecomposable vector bundle E ′ , such that its Jordan-Hölder filtration is equal
We can now also give a description of the moduli spaces M k,l X (n, d) of (k, l)-stable vector bundles of rank n and degree d over X in terms of Geometric Invariant Theory, always under the condition that the pair (k, l) satisfies both inequalities (1.11) and (1.12). This description will be needed later for comparison with the respective moduli stacks. Recall that if the inequalities (1.11) and (1.12) hold for a pair of integers (k, l), then (k, l)-stability implies stability and hence the moduli functor for (k, l)-stable vector bundles and its representability by schemes follows in a natural way from the construction of the moduli space of stable bundles over X. The construction of the moduli spaces M k,l X (n, d) of (k, l)-stable vector bundles of rank n and degree d over X is then a standard procedure using methods from Geometric Invariant Theory (see [MFK] , [HL] ). We will reproduce the construction here for the convenience of the reader as we will later need this explicit description of the moduli spaces to compare them with the respective moduli stacks of (k, l)-stable vector bundles.
Theorem 2.5. Assume that the pair (k, l) of integers satisfies the conditions that 0 ≤ k(n − 1) + l < (n − 1)(g − 1) and 0 ≤ k + l(n − 1) < (n − 1)(g − 1). Then the moduli space M Proof. Let O X (1) be an ample line bundle over X. There exist integers t and N such that for any sheaf E over X of rank n and degree d, E(t) := E ⊗ O X (t) is generated by sections and h 0 (X, E(t)) = N . We define V := O N X and H := V ⊗O X (−t). Thus, the surjection H → E → 0 determines a closed point in the respective Quot-scheme Quot n,d
H . We now consider the open subscheme R k,l ⊂ Quot
H given as follows: The quotient sheaves H → F → 0 parameterised by R k,l are locally free, (k, l)-stable and such that V = H 0 (H(t)) ∼ = H 0 (F (t)). The scheme R k,l therefore parametrises all (k, l)-stable vector bundles together with a choice of a base for the vector space H 0 (X, E(t)). Hence R k,l parametrises all (k, l)-stable vector bundles of rank n and degree d over X. The general linear group GL(N ) acts on Quot n,d
H and R k,l is invariant under this action. Moreover, this action factors through P GL (N ) . Therefore, the moduli scheme of (k, l)-stable vector bundles exists and is given by the GIT quotient M
3. Geometry of the moduli spaces A k,l X (n, d). In the last section we studied the moduli problem for (k, l)-stable vector bundles over an algebraic curve X in the particular case when the pair (k, l) meets the conditions (1.11) and (1.12). Now we will analyse what happens in the more general case when (k, l) is any pair of integers. As we mentioned in Example (2.2) there exist (k, l)-stable vector bundles which are not necessarily stable. Moreover, as we saw in the last section the moduli functor M k,l X (n, d) is not always even corepresentable. For this reason we will later consider a more general approach to the classification problem using the language of algebraic stacks. But before let us make the following general observations concerning (k, l)-stable vector bundles over an algebraic curve X for any pair (k, l) of integers.
Let A k,l X (n, d) denote the set of isomorphism classes of (k, l)-stable vector bundles of rank n and degree d over X for any given pair (k, l) of integers. By the definition of (k, l)-stable vector bundles we readily get the following filtrations of sets: X (n, d) making it into a scheme and in this case the geometry of the moduli space is given as discussed in the last section. Now we will in contrast discuss how to induce a geometric structure on the sets A k,l X (n, d), in the complementary cases, when the inequalities (1.11) and (1.12) do not hold for the pair (k, l) of integers.
By definition of (k, l)-stability, if the pair of integers (k, l) does not satisfy 0 ≤ k(n − 1) + l or 0 ≤ k + l(n − 1) (see conditions (1.11) and (1.12)), then any stable vector bundle over the algebraic curve X is also (k, l)-stable i.e., as sets we have an inclusion
However, if k and l are both negative enough, then there are semistable and unstable vector bundles which are also (k, l)-stable. The following results present some of the structure that appears in these complementary cases.
Lemma 3.1. If E is an element of A −1,1 X (n, nt), then E is semistable.
Proof. Suppose that there exists a subbundle F ⊂ E, such that µ(F ) > µ(E). By the (−1, 1)-stability of E we have that µ −2 (E) > µ −1 (F ) and therefore
n , which is impossible. By Lemma 3.1 we therefore have a map
is the moduli space of semistable vector bundles over X, and this map sends the isomorphism class of E at its S-equivalence class.
Example 3.2. Let t ∈ Z be any integer and let E ∈ A −1,1 X (3, 3t) be a strictly semistable vector bundle. Hence for any subbundle F of rank 2, we have that
Furthermore, the Harder-Narasimhan filtration of E is simply given as 0 ⊂ L ⊂ E and the associated graded is Gr(E) = (E/L) ⊕ L, which determines the Sequivalence class.
We will now discuss in detail how to induce a geometric structure on the sets A k,l X (n, d), when (k, l) satisfies the inequalities k(n − 1) + l < 0, (3.1)
Again by the definition of (k, l)-stability, if the pair of integers (k, l) satisfies the conditions (3.1) and (3.2), then any stable vector bundle over X is also (k, l)-stable i.e., as sets we have an inclusion
And if k and l are both negative enough, then there exists again semistable and unstable vector bundles which are also (k, l)-stable as we have seen before.
Recall also that any morphism of vector bundles can be factorized by a morphism of maximal rank (see [NS, §4] ), i.e., if f : E → F is a morphism of vector bundles, then we have the following diagram
where g is of maximal rank. The subbundle F 1 of F is called the subbundle determined by the image of f and rk(f ) is defined as the rank rk(F 1 ).
Lemma 3.3. Let E, F be two (k, l)-stable vector bundles over X. If f : E → F is a morphism of vector bundles, then we have:
Proof. With the notations introduced above we readily see that
which proves our assertion.
From this it follows immediately:
Corollary 3.4. Let E, F be two (k, l)-stable vector bundles over X, which both have the same rank and degree. If k + l ≥ 0 and Hom(E,
Proof. Suppose that H 1 (E) = 0, then by Serre duality
Proof. Consider the exact sequence 0 → E(−x) → E → E x → 0, and the associated long exact sequence in cohomology
which is a contradiction. Therefore, H 1 (E(−x)) = 0 and hence E is generated by sections.
Lemma 3.7. Let k ≤ l and let E be a (k, l)-stable vector bundle of X of slope µ. Suppose that F ⊂ E is a subbundle of slope µ. Then E/F is (k, l)-stable and µ(E/F ) = µ.
Proof. Suppose that E/F is not a (k, l)-stable vector bundle. Then there exists a subbundle G ⊂ E/F such that
where m is the rank of F . But this holds if and only if k − l > 0, which gives a contradiction.
Moduli Stacks of (k, l)-stable vector bundles over an algebraic curve
We will now consider the moduli stack Bun k,l X (n, d) of (k, l)-stable vector bundles of rank n and degree d over the algebraic curve X for any pair (k, l) of integers. We will show that this moduli stack is an Artin algebraic stack, which is locally of finite type, reduced and irreducible. As (k, l)-stability is an open condition, the moduli stack Bun k,l X (n, d) will in fact be an open substack of the moduli stack Bun X (n, d) of all vector bundles of rank n and degree d over X and will govern a good part of its geometry.
For any pair of integers (k, l), and any scheme T , we define the groupoid of sections Bun
is a flat family of (k, l)-stable vector bundles of rank n and degree d over X parametrised by T . The morphisms of Bun k,l X (n, d)(T ) are the isomorphisms of these families. Equivalently, E is an object of Bun
, if E is a vector bundle over X × T such that for each point t ∈ T the restriction E t is a (k, l)-stable vector bundle of rank n and degree d over X.
Observe that (k, l)-stability is a property, which is stable under arbitrary base change, i.e., if f : T ′ → T is a morphism of schemes and E is an object of the groupoid Bun
. Hence we get a lax 2-functor or pseudo-functor, i.e. a prestack of the form
op → Gpds from the category of schemes over Spec(F) to the 2-category of groupoids, which associates to each scheme T the groupoid Bun k,l X (n, d)(T ) and to each morphism of schemes f :
induced by the pullback operation on vector bundles. In addition, we have a natural isomorphism between the pullback functors, i.e., for each two composable morphisms
It follows that the necessary descent conditions hold with respect to theétale topology on Sch/Spec(F) and therefore Bun k,l X (n, d) is a stack (see [Gr, Exposé VIII, Thm 1.1, Prop. 1.10]). In fact it is an Artin algebraic stack, which is an open substack of the moduli stack Bun X (n, d) of all rank n and degree d vector bundles over X as our main theorem shows: 
This theorem will be a consequence of a more general result stated below. For this we will need the following definition: Definition 4.2. A property P of vector bundles over X is an open property, if for any family of vector bundles over X parameterised by a scheme T the set
Given an open property P of vector bundles over X we can define again a prestack of the form
op → Gpds from the category of schemes over Spec(F) to the 2-category of groupoids, which associates to each scheme T the groupoid Bun P X (n, d)(T ) of families of vector bundles of rank n and degree d over X having property P and to each morphism of schemes f :
The following fundamental theorem shows that this prestack Bun P X (n, d) is in fact an algebraic stack, the moduli stack of vector bundles of rank n and degree d over X having property P. (1) The prestack Bun (2) Consider a scheme Y and a morphism of stacks g : Y → Bun X (n, d). By the 2-Yoneda lemma, g corresponds to a family E → X × Y and we have the following 2-cartesian diagram Now for any scheme T over Spec(F), the groupoid (Bun
, are triples (β, F, ψ) such that β : T → Y is a morphism of schemes, F → X × T is a family of vector bundles of rank n and degree d over X having property P and ψ : F → (id X ×β) * E is an isomorphism of vector bundles. Observe that the existence of ψ implies that β factorizes through Y P , i.e., β :
are morphisms in Y (T ) and Bun X (n, d)(T ) respectively and such that the following diagram commutes:
However, α is the identity map, hence
and this implies that the objects in the groupoid (Bun Proof. Let T and T ′ be two schemes and let E → X × T , E ′ → X × T ′ be two families of vector bundles. Then we have the following 2-cartesian diagram:
And it follows that the sheaf Isom(T × T ′ , pr 1 E, pr 2 E ′ ) is a subscheme of the fiber bundle Hom(pr 1 E, pr 2 E ′ ) on T × T ′ . Moreover, the morphism
is affine and therefore the result follows.
Finally from this we now get the desired result:
Theorem 4.5. The moduli stack Bun P X (n, d) is a smooth Artin algebraic stack, which is locally of finite type.
Proof. Consider an atlas U of Bun X (n, d) and a smooth surjective morphism U → Bun X (n, d). By (3) of Theorem 4.3, the 2-fiber product U × BunX (n,d) Bun P X (n, d) is representable by a scheme. Now we will prove that
) is an atlas and U P → Bun P X (n, d) is representable, smooth and locally of finite type. For this, we consider a scheme T , a morphism h : T → Bun P X (n, d) and the following diagram:
T is smooth and locally of finite type because the atlas 
We will now give also an explicit construction of an atlas for the moduli stack Bun k,l X (n, d), which will be used later and is of interest in its own right. The diagonal ∆ of Bun 5. Gerbes and coarse moduli spaces of (k, l)-stable vector bundles.
We can relate the moduli stacks of (k, l)-stable vector bundles Bun k,l X (n, d) and the moduli spaces M k,l X (n, d), whenever the last ones exist. It turns out that they are actually coarse moduli spaces for the moduli stacks. This is very similar to the relation between moduli stacks and moduli spaces of stable bundles, which we will recall now in some details. Let Bun s X (n, d) be the moduli stack of stable vector bundles of rank n and degree d over X and M s X (n, d) be the moduli space of stable vector bundles of rank n and degree d over X as we discussed before. By construction we have Bun [Go1] , [H] ). There is also an asssociated morphism of stacks Bun
, such that all the fibers are isomorphic to he classifying stack BG m of all line bundles. Here G m is the multiplicative group over Spec(F), which in case we work over Spec(C) is just C * . In fact more is true, the associated morphism is actually a gerbe (see [H, Example 3.9] and also [LMB, Li] for the general definition of a gerbe).
Lemma 5.1. The morphism Φ : Bun
In addition, we have that M s X (n, d) is a coarse moduli space for the algebraic stack Bun s X (n, d) (see [Go1, H] ) and for the convenience of the reader we will present a proof here in order to obtain a similar result for the moduli stack of (k, l)-stable vector bundles. 
) is a bijection using the definitions and following the same line of arguments as in [H, Example 3.7 ] (see also [N] ). Let now Y be any scheme and Ψ : Bun Bun
So for any scheme T we denote by Φ T : Bun
Finally, suppose that there exists a morphism Γ : We will now derive some cohomological properties for the moduli stacks and moduli spaces of (k, l)-stable vector bundles over an algebraic curve. Let us start with some general remarks on the cohomology of algebraic stacks. Let X be an algebraic stack, which is smooth and locally of finite type over Spec(F) where F is either the algebraic closure F q of the field F q or the field C of complex numbers.
If F = F q , we use l-adic cohomology of the stack X , where l is a prime different from p. The l-adic cohomology of X is defined over the lisse-étale site X lis-ét of X and is given as the limit of the cohomologies of all the open substacks U of finite type of the given algebraic stack X (see [HS] ), i.e. we set
U ⊂X , open, finite type s X (2, d), Q l ) for all i < 2 codim(Bun stss X (2, d)) − 1. We now describe some cohomological properties of the moduli stack Bun s X (2, d) using the Shatz polygon associated to vector bundles [HL, S] and the HarderNarasimhan filtration.
Consider a family E → X ×T of vector bundles of rank 2 and degree d and denote by E t = E| X×{t} the corresponding restriction. Then, if P = {(0, 0), (1, d 1 ), (2, d)} denotes a Shatz polygon (see [S, Dh] ), we define the following sets F P (T ) = {t ∈ T |P (E t ) > P }, Ω P (T ) = T \ F P (T ), S P (T ) = {t ∈ T |P (E t ) = P }. We have the following general description: Lemma 6.5. Let (k, l) a pair of integers and E be an unstable vector bundle of rank 2 and degree d. Then the following statements are equivalent:
(1) E is (k, l)-stable.
(2) If P (E) = {(0, 0), (1, d 1 ), (2, d)} is the Shatz polygon of E and 0 ⊂ L 0 ⊂ E is the Harder-Narasimhan filtration HN (E) of E, then 2d 1 = 2d (L 0 
Proof. E is (k, l)-stable if and only if µ(E) − µ(L) > (k + l)/2 for any subbundle L ⊆ E, which is equivalent to having
where L 0 is the maximal subbundle of E.
With E and (k, l) as in Lemma 6.5, we see that k + l ≤ 0. Now we consider the Shatz polygon Proposition 6.6. Let E → X × T be a family of vector bundles parametrised by a scheme T , then E t is (k, l)-stable if and only if t ∈ Ω P k,l (T ).
Proof. If E t is (k, l)-stable and the Harder-Narasimhan filtration HN (E t ) is 0 ⊂ L 0 ⊂ E, then by Lemma 6.5 we have: 2d(L 0 ) < d − k − l, which implies that for the Shatz polygon we have: P (E) < P k,l . The converse follows in a similar way.
As a nice direct consequence we also get:
Corollary 6.7. If E is a complete family of vector bundles and T is a smooth scheme, then codim(T \ T k,l ) = 2(2d k,l 1 − d + g − 1) Proof. As a first step we observe that T \ T k,l = S P k,l (T ). Hence we can apply [LeP, Corollary 15.4.3] and the result follows.
From the above considerations we get a kind of approximation of the cohomology of the moduli stack of all rank two vector bundles over the algebraic curve by the cohomologies of the different moduli stacks of (k, l)-stable bundles of rank two, namely we have:
Proof. We will prove that Bun k,l X (n, d) → Bun X (n, d) is an isomorphism in cohomology of degree i if i < −2(k + l − 3) and k + l ≡ d mod 2 or i < −2(k + l − 2) and k + l ≡ d mod 2. However if E → X × T is a complete family, then by Corollary 6.7 the inclusion T k,l → T is an isomorphism in cohomology of degree i as above. Then the results follows again by a Gysin sequence argument.
With the results described above we can now also define a general Hecke correspondence for the moduli stacks Bun k,l X (n, d) of (k, l)-stable vector bundles. Hecke correspondence have been defined and used in many contexts (see, [BM, Go2, Hl, LOZ] ). In particular, Hoffmann in [Ho] described a Hecke correspondence for the moduli stack of all vector bundles over an algebraic curve using the evaluation map transformation and he constructed a vector bundle over any given open substack.
